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Effects of orbital angular momentum on the pulse shape at the most intense ring of
ultrafast vortices
Miguel A. Porras
Grupo de Sistemas Complejos, ETSIME, Universidad Polite´cnica de Madrid, Rios Rosas 21, 28003 Madrid, Spain
It has been recently shown that the orbital angular momentum (OAM) and temporal degrees of
freedom in ultrafast (few-cycle) vortices are coupled. This coupling manifests itself with different
effects in different parts of the vortex, as has been shown for the ring surrounding the vortex where
the pulse energy is maximum, and also in the immediate vicinity of the vortex center. In may
applications, however, the ring of maximum energy is not of primary interest, but that where the
pulse peak intensity is maximum, which is particularly true in nonlinear optics applications such as
the experiments with ultrafast vortices exciting high harmonics and attosecond pulses carrying also
OAM. This article describes the effects of the OAM-temporal coupling at the ring of maximum pulse
peak intensity, which does not always coincide with the ring of maximum pulse energy. We find
that there exists an upper bound to the magnitude of the topological charge that an ultrafast vortex
with prescribed pulse shape at its most intense ring can carry, and vice versa, a lower bound to the
duration of the pulse at the most intense ring for a given magnitude of the topological charge. These
bounds imply that with a given laser source spectrum, the duration of the synthesized ultrafast
vortex increases with the magnitude of the topological charge. Explicit analytical expressions of
ultrafast vortices containing these OAM-temporal couplings are given that can be of interest in a
variety of applications, particularly in the study of their propagation and interaction with matter.
I. INTRODUCTION
Although continuous light can transport vortices with
arbitrarily high magnitude of the topological charge l,
and therefore arbitrarily high orbital angular momentum
(OAM) (see, e.g., [1, 2]), pulsed light cannot [3, 4]. This
is a consequence of the coupling between the OAM and
temporal degrees of freedom in pulsed vortices, as de-
scribed also in Refs. [5, 6].
Theoretically, this coupling affects pulsed vortices of
any duration and topological charge, but it is only with
further advances of the current technology in the gener-
ation of shorter and shorter vortices [7–15] of high qual-
ity (without topological charge and angular dipersions),
at high powers, and approaching the single-cycle regime,
and the use of these ultrafast vortices in strong-field light-
matter interactions for the generation of high harmonics
and attosecond pulses with higher and higher OAM [16–
20], that the effects of this coupling will be observable.
The OAM-temporal coupling in these ultrafast vortices
with high OAM will then have an impact in ultrafast
vortex applications such as classical and quantum infor-
mation and entanglement [21–24], transfer of OAM to
matter [25], material processing [26] or nanosurgery [27].
Understanding the effects of OAM-temporal coupling is
also fundamental when using the chirality of these vor-
tices to probe chiral properties of matter at ultrashort
time scales [28, 29].
Spatiotemporal couplings in ultrashort, pulsed light
beams have been known for a long time (see, e. g.,
[30]), particularly in ultrashort, fundamental Gaussian
beams in their various forms [31–35]. OAM-temporal
coupling is a particular case of spatiotemporal coupling,
say an azimuthal-temporal coupling, which seems to be
rather more pronounced than the radial-temporal cou-
pling in ultrashort Gaussian beams. In [3–6] the effects
of OAM-temporal coupling have been described for the
first time in ultrafast vortices shaped as pulsed Laguerre-
Gauss (LG) beams, commonly used in the experiments,
and also shaped as pulsed Bessel beams, or diffraction-
free X-waves. These effects are reviewed in [36], where
it turns out that the OAM-temporal coupling manifests
itself with different effects in different parts of the vor-
tex. With a given broadband laser source, the carrier fre-
quency experiences an important blue shift with respect
to the laser mean frequency, ω¯ (defined in the standard
way [37] as the centroid of the spectral density) in the
immediate vicinity of the vortex center, accompanied by
an increment the number of oscillations, and these effects
are more pronounced as the magnitude of the topological
charge is higher [4, 36]. On the contrary, in the ring sur-
rounding the vortex where the pulse energy is maximum,
or “bright” ring for a time-integrating detector, the mean
carrier frequency is approximately the same as that of the
laser source regardless of the topological charge, and the
number of oscillations and duration of the pulse, ∆t (de-
fined by means of the central second-order moment of
the pulse intensity), are larger compared to that obtain-
able with the laser source spectrum, and they increase
with the magnitude of the topological charge, in such a
way that the duration is always above the minimum pos-
sible duration,
√
|l|/ω¯, for ultrafast vortices of charge l
[3, 5, 36].
We note in this paper that the ring of the ultrafast
vortex where the pulse energy is maximum is not always
of primary interest. High pulse energy may be the re-
sult of a long duration with relatively low peak inten-
sity, while pulses as short and as intense as possible (re-
sulting probably in lower energy) are typical demands
in ultrafast nonlinear optics experiments, particularly in
strong-field laser-matter interactions [16–20]. In these
situations, minimum duration with a given laser source
2spectrum is obtained with uniform spectral phases, i. e.,
with transform-limited or unchirped pulses. This is why
we limit our considerations to transform-limited pulses,
and describe the effects of OAM-temporal coupling at the
ring of the ultrafast vortex where the pulse peak intensity
is maximum, which generally does not coincide with the
ring of maximum pulse energy, as demonstrated below.
It turns out that the effects of OAM on the transform-
limited pulse with maximum peak intensity are directly
related to the properties of its symmetric temporal lobe
around the pulse peak, which is, on the other hand, the
only portion of the pulse of interest in nonlinear optics
applications. Specifically, the involved magnitudes are
the instantaneous frequency (derivative of the phase of
the pulse with respect to time) at the instant of pulse
peak, or “central” frequency, ωc, and the duration of the
central lobe around the pulse peak, defined through the
lobe concavity, and that we call “central” duration, ∆tc.
As seen below, these two magnitudes are trivially deter-
mined from a measurement of the pulse spectrum.
We then find qualitatively similar OAM-coupling ef-
fects in the most intense ring to those occurring in the
most energetic ring. The central frequency of the pulse at
the most intense ring is the same as the central frequency
of the ultrafast laser source, and therefore independent
of the imprinted topological charge. The duration of the
central lobe is larger than that obtainable from the laser
source without OAM, and increases with the magnitude
of the topological charge. This effect is a result of the
existence of a lower bound,
√
|l|/ω¯c, to the duration of
the central temporal lobe that is satisfied by the pulse at
the most intense ring by all existing ultrafast vortices. If,
as in many situations, the ring of maximum pulse energy
coincides with the ring of maximum pulse peak intensity,
then the pulse temporal shape at this ring is always such
that the two inequalities, ∆t >
√
|l|/ω¯ for the pulse du-
ration as a whole, and ∆tc >
√
|l|/ω¯c for the duration of
the central temporal lobe, are satisfied.
II. ULTRAFAST VORTICES AND PREVIOUS
RESULTS
We express an ultrafast vortex of topological charge l,
or l units of orbital angular momemtum, as the superpo-
sition
E(r, φ, z, t′) =
1
pi
∫ ∞
0
Eˆω(r, φ, z)e
−iωt′dω , (1)
of monochromatic LG beams
Eˆω(r, φ, z) = aˆωD(z, φ)
[ √
2r
sω(z)
]|l|
e
iωr2
2cq(z) , (2)
of the same topological charge l, zero radial order, and
different angular frequencies ω with weights aˆω. In the
above expressions (r, φ, z) are cylindrical coordinates, c
is the velocity of light in vacuum, and t′ = t − z/c is
the local time for a plane pulse. The factor D(z, φ) =
e−i(|l|+1) tan
−1(z/zR)e−ilφ/[1+(z/zR)
2
]1/2, where zR is the
Rayleigh distance, accounts for the azimuthal phase vari-
ation and the z-dependent amplitude attenuation and
Gouy’s phase shift associated with diffraction. The com-
plex beam parameter is qω(z) = z − izR, and is usually
written in the form
1
q(z)
=
1
R(z)
+ i
2c
ωs2ω(z)
, (3)
where
sω(z) = sω
√
1 +
(
z
zR
)2
, sω =
√
2zRc
ω
, (4)
are the width and waist width, respectively, of the funda-
mental (l = 0) Gaussian beam, and 1/R(z) = z/(z2+z2R)
is the curvature of the wave fronts of Gaussian and LG
beams. Being limited to positive frequencies, the opti-
cal field E in Eq. (1) is the analytical signal complex
representation of the real field ReE [38]. As in preced-
ing works [3, 5, 36], the Rayleigh distance zR is assumed
to be independent of frequency, i. e., we adopt the so-
called isodiffracting model [33, 34, 39, 40], because it is
the only situation in which the pulse temporal shape does
not experience changes with propagation distance z (ex-
cept for the global complex amplitudeD) with arbitrarily
high l, as shown recently [3], as desired for applications.
This choice is also a way to isolate the pure effects of
OAM on temporal shape, i. e., the OAM-temporal cou-
plings, and thus distinguish them from propagation ef-
fects on pulse shape in models other than the isodiffract-
ing model, whose study is deferred to furture work.
For a simpler analysis we introduce the normalized ra-
dial coordinate ρ = r/
√
2zRc[1 + (z/zR)2]. A constant
value of ρ represents a revolution hyperboloid, or caustic
surface, expanding as the monochromatic LG beams do.
Equation (1) with Eq. (2) now reads
E(ρ, τ) =
1
pi
∫ ∞
0
Eˆω(ρ)e
−iωτdω , (5)
where
Eˆω(ρ) = aˆωD
(√
2ρ
)|l|
ω|l|/2e−ρ
2ω (6)
and where τ = t′ − r2/2cR(z) is the local time for the
ultrafast vortex. The pulse front τ = 0 determines the
time of arrival of the pulse at each position of space, and
is the same family of spherical surfaces (in the parax-
ial approximation) as the phase fronts of the superposed
isodiffracting LG beams. According to Eqs. (5) and (6)
the pulse temporal shape depends on the particular caus-
tic surface ρ, but not on propagation distance.
In [3], the caustic surface ρF where the time-
integrated intensity, energy density, or fluence, F (ρ) =∫∞
−∞(ReE)
2dτ = (1/2)
∫∞
−∞ |E|2dτ = (1/pi)
∫∞
0 |Eˆω|2dω
3is maximum, i. e., the bright ring as recorded by a time-
integrating detector, is considered the most relevant caus-
tic surface, and the effects of OAM on pulse temporal
shape at that caustic surface are described. The caustic
surface of maximum fluence was shown to be determined
by ρ2F = |l|/2ω(ρF ), where
ω¯(ρ) =
∫∞
0
|Eˆω(ρ)|2ωdω∫∞
0 |Eˆω(ρ)|2dω
(7)
defines, as in [37], the mean frequency of the pulse at
ρ. At this caustic surface the pulse temporal bandwidth
and the topological charge were shown to be restricted
by inequality ∆ω(ρF )/ω¯(ρF ) < 2/
√
|l|, where
∆ω2(ρ) = 4
∫∞
0
|Eˆω(ρ)|2[ω − ω¯(ρ)]2dω∫∞
0 |Eˆω(ρ)|2dω
(8)
is the so-called Gaussian-equivalent half-bandwidth at a
caustic ρ (yielding the 1/e2-decay half-bandwidth for a
Gaussian-like spectral density |Eˆω(ρ)|2). Defining corre-
spondingly the Gaussian-equivalent half-duration
∆t2(ρ) = 4
∫∞
−∞ |E(ρ, τ)|2[τ − τ¯(ρ)]2dτ∫∞
−∞
|E(ρ, τ)|2dτ , (9)
where
τ¯ (ρ) =
∫∞
−∞
|E(ρ, τ)|2τdτ∫∞
−∞
|Eω(ρ, τ)|2dτ
, (10)
and on account that ∆t(ρF )∆ω(ρF ) ≥ 2 for any pulse
shape, it follows that the pulse duration at the bright
ring of any ultrafast vortex always satisfies ∆t(ρF ) ≥√
|l|/ω¯(ρF ), which settles a lower bound to the duration
of an ultrafast vortex with l units of OAM. It has been
shown later [5, 36] that the mean frequency at ρF is ap-
proximately equal to the mean frequency of aˆω, which is
more directly related to the ultrashort laser source spec-
trum, i. e., ω¯(ρF ) ≈ ω¯, where
ω¯ =
∫∞
0 |aˆω|2ωdω∫∞
0 |aˆω|2dω
. (11)
With ω¯(ρF ) ≈ ω¯ independent of the topological charge
l, the approximate lower bound ∆t(ρF ) &
√
|l|/ω¯ with
the right hand side growing monotonously with |l|, the
duration at the bright ring of the synthesized ultrafast
vortex must necessarily increase with |l| [5], if the laser
source spectrum aˆω is fixed. These effects of the coupling
between the OAM and the temporal degrees of freedom
at the most energetic ring have been recently reviewed in
[36], where they are also demonstrated to be substantially
the same for other types of ultrafast vortices, as OAM-
carrying nondiffracting X-waves [4, 6, 36].
FIG. 1. (a) Radial profile of fluence, F , and peak inten-
sity, |E(ρ, 0)|2, of the ultrafast vortex with topological charge
l = 27 and spectrum aˆω = ω
0.5e−ω/2.5 of mean frequency
ω¯ = 2.5 fs−1, normalized to their respective maxima at the
respective caustic surfaces ρF = 2.32 fs
1/2 and ρE = 1.90
fs1/2. (b) Respective pulse shapes (real field and amplitudes)
at these two caustic surfaces, oscillating at different carrier
frequencies, ω¯(ρF ) = 2.5 fs
−1 ≃ ω¯ and ω¯(ρE) = 3.616 fs
−1,
and with different durations. For a better comparison, the
four curves are normalized to the peak amplitude of the pulse
at ρE.
III. OAM-TEMPORAL COUPLINGS AT THE
MOST INTENSE RING OF
TRANSFORM-LIMITED ULTRAFAST VORTICES
We point out here that the pulse of maximum energy
is not always the ring of primary interest. In many ap-
plications, particularly in nonlinear optics applications
such as the high harmonics and attosecond pulses ex-
cited by ultrafast vortices, the outcome of experiments
is primarily determined by the intensity, and possibly
the carrier-envelope phase. Figures 1(a) and (b) illus-
trate that the caustic surface where is the most energetic
and the caustic surface where the pulse has maximum
peak intensity are generally different, and that the pulse
shapes at these two caustic surfaces, including their mean
frequencies and durations, are generally different.
When the primary interest is maximum peak intensity,
transform-limited pulses are desired because they have
minimum duration with the available bandwidth, and
then maximum intensity. The frequency spectrum Eˆω =
4aˆωD(
√
2ρ)|l|ω|l|/2e−ρ
2ω at any particular point of the ul-
trafast vortex has uniform spectral phases, and hence
the pulse E(ρ, τ) is transform-limited if the laser source
spectrum aˆω has uniform phases, e. g., aˆω = bˆωe
−iΦ, and
then
Eˆω = bˆωe
−iΦD(
√
2ρ)|l|ω|l|/2e−ρ
2ω , (12)
where bˆω can be taken as real and non-negative, and Φ
determines the carrier-envelope phase. Under these con-
ditions the pulse E(ρ, τ) consists on oscillations under
an amplitude |E(ρ, τ)| that contains a symmetric central
lobe about its peak value taking place at τ = 0, and of
value
|E(ρ, τ = 0)| = |D|
(√
2ρ
)|l| 1
pi
∫ ∞
0
bˆωω
|l|/2e−ρ
2ωdω .
(13)
With l 6= 0, the peak amplitude in Eq. (13) vanishes at
ρ = 0 and for ρ → ∞, so that there exists a particular
caustic surface, say ρE , where the maximum pulse ampli-
tude is also maximum transversally. The purpose of the
following analysis is to describe the effects of the effects
of OAM-temporal coupling at the caustic surface ρE of
ultrafast vortices.
A. Pulse characterization
As a preliminary, we introduce a characterization of
transform-limited pulses by means of two measurable
parameters that will be seen to be directly involved in
the OAM-temporal couplings, and appears to be relevant
to nonlinear applications with these pulses, since it de-
scribes quite accurately the shape of the main temporal
lobe of amplitude about its maximum, and ignores the
temporal parts of the pulse of low amplitude. First, we
consider the instantaneous frequency at the time τ = 0
of maximum amplitude, defined as
ω¯c(ρ) =
d argE(ρ, τ)
dτ
∣∣∣∣
τ=0
, (14)
which will be called the central frequency to distinguish
it from ω¯(ρ), since their values are generally different.
Writing argE = tan−1(ImE/ReE) with ReE = (E +
E⋆)/2 and ImE = (E − E⋆)/2i, and using Eq. (5) and
its derivative with respect to time, one arrives at the
alternate expression
ω¯c(ρ) =
∫∞
0 Eˆω(ρ)ωdω∫∞
0
Eˆω(ρ)dω
=
∫∞
0 |Eˆω(ρ)|ωdω∫∞
0
|Eˆω(ρ)|dω
. (15)
The introduction of the absolute values in the last step
does not alter the result with the spectral phases in Eq.
(12) independent of frequency. In this way ω¯c is eas-
ily measurable, e. g., from the square root of the spec-
tral density |Eˆω|2 provided by a spectrometer. Second,
a measure of the width of the central lobe of the pulse
based on its concavity is provided by the expression
∆t2c(ρ) ≡ −2
(
d2|E(ρ, τ)|/dτ2
|E(ρ, τ)|
∣∣∣∣
τ=0
)−1
, (16)
that yields the 1/e-decay half-duration for a Gaussian-
shaped amplitude. For other pulse shapes Eq. (16) pro-
vides the duration of a Gaussian pulse with the same con-
cavity of the maximum at τ = 0, and hence will be called
the central duration. Using the equivalent expression
∆t2c = −4|E|2/(d2|E|2/dτ2|τ=0), writing |E|2 = EE⋆,
Eq. (5) and its derivatives with respect to time at τ = 0,
one easily arrives at the alternate expression
∆t2c(ρ) = 4/∆ω
2
c (ρ) (17)
where
∆ω2c (ρ) = 2
∫∞
0
Eˆω(ρ)[ω − ω¯c(ρ)]2dω∫∞
0 Eˆω(ρ)dω
= 2
∫∞
0 |Eˆω(ρ)|[ω − ω¯c(ρ)]2dω∫∞
0
|Eˆω(ρ)|dω
(18)
FIG. 2. The pulse E = [1/(1 + τ 2/T 2)]e−i(ω0τ+Φ) with ω0 =
2.5 rad fs−1, Φ = pi/6, and (a) T = 1 fs and (b) T = 4
fs (solid black curves), their amplitudes |E| (dashed black
curves), and their approximations Ec = e
−τ2/∆t2ce−i(ω¯cτ+Φ)
(gray solid curves) and |Ec| (dashed gray curves) based on
the central frequency ωc = 2.5 fs
−1 and the central width
∆tc = T .
5defines a spectral bandwidth based on the spectral am-
plitude instead of the spectral intensity, yields, again,
the 1/e-decay half-bandwidth for a Gaussian-like spectral
amplitude |Eˆω(ρ)|, and therefore coincides with ∆ω(ρ)
for a Gaussian spectrum. The measures ∆ω and ∆ωc
are however different for other spectral shapes; in partic-
ular ∆ωc overweights widespread frequencies far from the
central frequency of the spectrum compared to ∆ω. The
two parameters ωc and ∆tc allow to reconstruct the shape
of the central portion the pulse very reliably. Figure 2
shows two ultrashort pulse shapes and their approxima-
tion e−τ
2/∆t2ce−i(ω¯cτ+Φ) to its central part of high ampli-
tude based on the central frequency and duration.
B. Lower bound to the ultrafast vortex duration at
its most intense ring
With the above pulse properties in mind, let us locate
the caustic surface ρE of the ultrafast vortex where the
peak pulse amplitude is maximum. After some calcula-
tions, the derivative of the peak amplitude in Eq. (13)
with respect to ρ is found to be
d|E(ρ, 0)|
dρ
=
|E(ρ, 0)|
ρ
[|l| − 2ρ2ω¯c(ρ)] . (19)
The fluence will then be maximum or minimum at the
caustic surface determined by
ρ2E =
|l|
2ω¯c(ρE)
, (20)
which generally differs from the caustic surface ρ2F =
|l|/2ω¯(ρF ) of maximum fluence [3]. Evaluation of the
second derivative of |E(ρ, 0)| with respect to ρ leads to
an involved expression, which however at ρE simplifies to
d2|E(ρ, 0)|
dρ2
∣∣∣∣
ρE
= −2ω¯E(ρE)|E(ρE , 0)|
[
2− |l|
2
∆ω2c (ρE)
ω¯2c(ρE)
]
.
(21)
The condition of maximum in Eq. (21) allows us to con-
clude that the bandwidth ∆ωc at the caustic surface of
maximum intensity and the topological charge of ultra-
fast vortices always satisfy inequality
∆ωc(ρE)
ω¯c(ρE)
<
2√
|l| , (22)
i. e., the relative bandwidth at the most intense ring
cannot exceed a maximum value determined by the topo-
logical charge of the vortex. Inequality (22) is formally
equal as ∆ω(ρF )/ω¯(ρF ) < 2/
√
|l|, but these two inequal-
ities refer to different caustic surfaces and the quantities
involved are different. The above inequality implies a
lower bound to the duration of the central lobe of an ul-
trafast vortex at its most intense ring. From Eq. (17),
inequality then (22) transforms into
∆tc(ρE) >
√
|l|
ω¯c(ρE)
. (23)
This inequality imposes a lower bound to the central
duration relative to the central period 2pi/ω¯c(ρE), and
therefore a lower bound to the number of oscillations of
the pulse at the most intense ring of the ultrafast vortex.
If the number of oscillations N is measured as the full
width at half maximum of intensity of the central lobe,√
2 ln 2∆tc(ρE), over the central period, inequality (23)
leads to inequality N >
√
ln 2/2
√
|l|/pi for the number of
oscillations. Since the lower bound in the right hand side
increases monotonically with |l|, the number of oscilla-
tions in the central lobe of the pulse at the most intense
ring of the ultrafast vortices synthesized with the same
source spectrum aˆω increases if the imprinted topological
charge is increased. In practice, as seen below, the central
frequency ω¯c(ρE) of the pulse at the most intense ring is
substantially determined by the available frequencies in
the superposition, i. e., by aˆω, indeed ω¯c(ρE) ≈ ω¯c, with
ω¯c =
∫∞
0
|aˆω|ωdω∫∞
0
|aˆω|dω
, (24)
With ω¯c(ρE) ≈ ω¯c independent of the topological charge,
inequality (23) imposes directly a lower bound
√
|l|/ω¯c
to the duration of the main lobe, and implies an increase
of this duration with the magnitude of the topological
charge.
IV. ULTRAFAST VORTICES WITH
PRESCRIBED PULSE SHAPE AT THE MOST
INTENSE RING
As a verification, suppose we need the expression an
ultrafast vortex of certain transform-limited temporal
shape,
P (τ) =
1
pi
∫ ∞
0
Pˆωe
−iωτdω , (25)
at the most intense ring, that is characterized by cer-
tain central frequency ω¯c and duration ∆tc. Equating
(5) with (6) evaluated at ρ2E = |l|/2ω¯c(ρE) = |l|/2ω¯c
to DP (τ), the needed laser source spectrum must be
aˆω = Pˆωω
−|l|/2eρ
2
Eω(
√
2ρE)
−|l|. Introducing this expres-
sion of aˆω in Eq. (6) for generic ρ, the result in Eq. (5),
and performing the integral, yields the expression
E(ρ, τ) = D
(
ρ
ρE
)|l|
P
(
τ − iρ2 + iρ2E
)
, (26)
of the ultrafast vortex of pulse shape P (τ) at ρE . Com-
ing back to the physical radius r, the caustic of maximum
peak intensity is rE(z) =
√|l|/2 sω¯c(z), where sω¯c(z) is
given by Eqs. (4) evaluated at ω¯c, and the ultrafast vor-
tex reads
E = D
(√
2
|l|
r
sω¯c(z)
)|l|
P
[
t′ − r
2
2cq(z)
+ i
|l|
2ω¯c
]
. (27)
6With given P (τ), and hence given ω¯c and ∆tc, Eq. (27)
represents indeed an ultrafast vortex with pulse shape
P (τ) at is most intense ring at rE(z) =
√
|l|/2 sω¯c(z)
only if |l| < ω¯2c∆t2c ; otherwise the intensity takes a rel-
ative minimum at rE(z) =
√
|l|/2 sω¯c(z), with a maxi-
mum at another radius with different pulse shape such
that inequality (23) is satisfied, or possibly a singular
expression, as in the following example.
We consider the transform-limited pulses
P (τ) =
( −iβ
ω¯cτ − iβ
)β
e−iΦ , (28)
where ω¯c is just the central frequency, and the parameter
β ≥ 1 determines the central bandwidth ∆ωc =
√
2/β ω¯c
and the duration ∆tc =
√
2β/ω¯c. For β ≫ 1, P (τ)
approaches the Gaussian pulse exp(−τ2/∆t2c)e−i(ω¯cτ+Φ)
based on its central parameters not only in its cen-
tral portion but at any time because P (τ) approaches a
Gaussian-enveloped pulse, as in the example of Fig. 3(a)
showing a near infrared, single-cycle pulse (ω¯c = 2.417
FIG. 3. (a) The real part (black solid) and amplitude (black
dashed) of the pulse P in Eq. (28) with ω¯c = 2.417 rad/fs
(780 nm wave length), β = 14.24, and Φ = pi/2, containing
a single oscillation within its full width at half maximum in
intensity, and its approximation Pc = e
−τ2/∆t2ce−i(ω¯cτ+Φ),
with ∆tc = 2.208 fs (gray curves). (b) Peak amplitude of the
ultrafast vortices of Rayleigh distance zR = 1 m with the pulse
shape P (τ ) at rE(z) =
√
|l|/2 sω¯c(z) as a function of radius as
given by Eq. (30) at z = 0 for increasing values of l, featuring
maxima at rE(0) =
√
|l|/2 sω¯c(0) for |l| < 2β and minima
at rE(0) =
√
|l|/2 sω¯c(0) for |l| > 2β, with a singularity at a
smaller radius, and thus lacking physical meaning.
rad/fs, β = 14.24). Condition |l| < ω¯2c∆t2c for the exis-
tence of the ultrafast vortex with this pulse shape at its
most intense ring reads |l| < 2β. Indeed Eq. (27) with
Eq. (28) yields
E = D
(√
2
|l|
r
sω¯c(z)
)|l|
×

 −iβ
ω¯c
(
t′− r22cq(z)
)
+i
(
|l|
2 −β
)


β
e−iΦ. (29)
Its peak amplitude at τ = 0 [t′ = r2/2cR(z)],
|E(τ = 0)| = D
(√
2
|l|
r
sω¯c(z)
)|l|
×

 β
r2
s2ω¯c (z)
− |l|2 + β


β
(30)
as a function of r is depicted in Fig. 3(b) for increasing
values of |l|, and is characterized by a maximum at the
corresponding radii rE(z) =
√
|l|/2 sω¯c(z) if |l| < ω¯2c∆t2c
(i. e., if |l| < 2β = 28.48), but by a minimum at rE(z) =√
|l|/2 sω¯c(z) if |l| > ω¯2c∆t2c (i. e., |l| > 2β = 28.48)
because the peak amplitude in Eq. (30) has a singularity
at a radius smaller than rE(z), which makes Eq. (29)
physically invalid. Thus, an ultrafast vortex whose pulse
shape at its most intense ring is a single-cycle pulse can
carry only up to 28 units of OAM.
A. Ultrafast vortices with power-exponential
Laguerre-Gauss spectrum
In practice one has a spectrum aˆω that is substan-
tially determined by the laser source and is therefore
independent of the topological charge l, and with this
spectrum may wish to synthesize an ultrafast fortex of
certain charge l. The above OAM-temporal coupling ef-
fects imply that the temporal properties of the main lobe
of the pulse at the most intense ring of the ultrafast vor-
tices synthesized with the same spectrum aˆω change with
l. This is particularly true if the bandwidth of aˆω is very
large and/or the topological charge high.
As a sufficiently flexible model, we take the power-
exponential spectrum
aˆω =
pi
Γ(β)
(
β
ω¯c
)β−1
ω¯βc e
− ω
ω¯c
βe−iΦ , (31)
corresponding in time domain to the same pulse a(τ) =
[−iβ/(ω¯cτ − iβ)]βe−iΦ as P (τ) in Eq. (28) of arbitrary
central frequency ω¯c and central duration ∆tc =
√
2β/ω¯c.
Integral in Eq. (1) with the LG beams in Eq. (1) and the
power-exponential spectrum in Eq. (31) can be carried
7out to yield the closed-form expression
E = D
(√
2
|l|
r
sω¯c(z)
)|l|
×

 −i
(
β + |l|2
)
ω¯c
(
t′ − r22cq(z)
)
− iβ


β+ |l|2
e−iΦ (32)
which is, this time, nonsingular and localized for any
value of l. A multiplicative factor has been introduced
in Eq. (32) to adjust to unity the peak amplitude at the
ring rE(0) =
√
|l|/2 sω¯c at the waist z = 0. The peak
amplitude at any point (r, z) is given by
|E(τ = 0)| = D
(√
2
|l|
r
sω¯c(z)
)|l|
×

 β + |l|2
β + r
2
s2ω¯c (z)


β+ |l|2
(33)
which takes a maximum value at the caustic surface
rE(z) =
√
|l|/2 sω¯c(z). At this caustic surface the pulse
shape is
E(τ) = D

 −i
(
β + |l|2
)
ω¯cτ − i
(
β + |l|2
)


β+ |l|2
e−iΦ , (34)
which is the same as a(τ) but with β replaced with
β + |l|/2. Thus, for the fundamental Gaussian beam
(l = 0), i. e., the fundamental isodiffracting pulsed Gaus-
sian beam [33, 34], the pulse shape at r = 0 is just a(τ)
of central frequency ω¯c and duration ∆tc =
√
2β/ω¯c, as
determined by the full source spectrum aˆω. For |l| 6= 0,
the pulse temporal shape at the most intense ring main-
tains the frequency ω¯c(rE) = ω¯c of the source spectrum
regardless of the value of l, but the duration increases
with the magnitude of the topological charge as
∆tc(rE) =
√
2β + |l|
ω¯c
; (35)
in particular, pulse adapts itself so that its duration is
always above the lower bound
√
|l|/ω¯c(rE) =
√
|l|/ω¯c.
Figure 4 illustrates the adaptation of pulse shape at the
most intense caustic surface to the value of the topolog-
ical charge. With the ultra-broadband spectrum of Fig.
4(a) of central frequency in the near infrared, the half-
cycle pulse represented by blue curves in Figs. 4(b), (c)
and (d) could be built with l = 0 at r = 0. At the
maxima of the radial distribution of peak intensity de-
picted in Fig. 4(e) for several values of |l|, the pulse
shapes represented in Figs. 4(b), (c) and (d) as black
curves are seen to increase their duration with increasing
|l|. As a summary of this OAM-temporal coupling effect,
the black curves in Fig. 4(f) represent the pulse dura-
tion as a function of the topological charge for increasing
bandwidths of aˆω that correspond to laser pulses with
increasing number N of cycles. Irrespective of the source
bandwidth and associated number of cycles, the dura-
tion at the most intense ring of the produced ultrafast
vortices is always above
√
|l|/ω¯c, the adaptation being
more pronounced as the number of cycles is smaller and
vanishing in the monochromatic limit.
V. CONCLUSIONS
In conclusion, we have described how the OAM-
temporal coupling in ultrafast vortices affects the tem-
poral properties of the vortex at the ring of maximum
peak intensity, which is the ring of primary relevance for
many nonlinear optics applications, particularly those in-
volving strong-field vortex-matter interactions. In a few
words, the ultrafast vortices synthesized with a given
laser source spectrum increase their duration if the im-
printed topological charge is increased in order that the
pulse duration at the most intense ring is always above a
lower bound that increases monotonically with the mag-
nitude of the topological charge. We have provided an-
alytical expressions of ultrafast vortices that incorporate
these effects and can be used as a starting point for the
study of their linear and nonlinear interaction with mat-
ter.
Although we have limited our considerations to ultra-
fast vortices in optics, the same OAM-temporal coupling
effects affect ultrafast electron vortices [41] and transient
acoustic vortices [42].
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